California Polytechnic State University, Pomona
Aerospace Engineering Department

Course: ARO 4180-01 Computational Fluid Dynamics

Lid-Driven Cavity Problem: Incompressible, Viscous, Rotational Flow

By: Eliot Khachi

Instructor: Dr. Frank Chandler



Table of Contents

Problem StatemMENt.. ... 3
Finite-Difference Derivation.... ... 6
Initial and Boundary Conditions Derivation..........cc.ooveioiiiiiii e 8
o To =T o g T I3 o o o TR PP 9
PrOgram RESUILS. ... i e e 14
Results Prior to Velocity Field CorreCtion.........ociiiuiiiiiiiiiie e 14
S PP 14

R 2 100 ittt 15

R = 400t enns 16
Results After Velocity Field CorreCtion.........ooou v 17
ST O PP 17
RS 0 O PP 18



Problem Statement
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Figure 1. Driven Cavity Problem

A figure of the Lid-Driven Cavity problem is shown above. A square cavity of side-
length equal to 1 has walls at locations x=0,x=1,y=0,andy = 1. Its lid is
located at the y = 1 wall that is moving to the right with a velocity of u = 1. Fluid
inside the cavity is subject to incompressible, viscous, and rotational flow. Consider
fluid with Reynold’s Numbers of 10, 100, and 400, and iteratively solve an n x n grid
for n equal to 8, 16, and 32. Using the Alternating Direction Implicit (ADI) Method
solve the parabolic vorticity transport equation, and using the Point Successive Over
Relaxation (PSOR) Method solve the elliptic stream function equation.
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Finite-Difference Derivation
Firn Sdve the \frvany Tuatorr Eg, 1 ADT

uf‘;—x-w af 4 ;35 : Jai) [ ¥-44)

- AOU Formulota s (3.0 ¢.340)
ASTE B ST s Lzt O (e,

e

e e
SRR Tl
Pal R R
an

Dﬁa&ms A0 ma %L%w)&
| -t (.% =



Dol Streapn Tupckon 8y (SOK
A S
e

Qo Saccessive  Over ~Relaabio n Poromlata -

oo : n (s ) anl ol
R R I YOS R L AP

. . . . . . . . . . . o wpeler -
Wrere W 05 Ve velawafen  fubneks § DLW LY T s
l&w il - gyer -
relaxad

(:r.nicm\ ﬁ{;&r‘cn:e. \n'rhqlc.hﬁng \:n.._ﬂ- Vg,{-._-.:_:-i—?_

= &—- =2 Ll"l-!l = lki".'1||_|:|'|-'|| \'I;.uﬂ"'u
e ——

q_f.‘:.‘t

Pk o R W -3



Initial and Boundary Conditions Derivation
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Program Listing
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clear all;

el
N = [B 16 32];
Re = [10 100 400];

for l1=l:1length (N)

for r =1:1length (Re)

% Given

t_f = 3; % final time

dt = D.01; % time step

ul = 1; % welocity of lid

L x = 1; % x-length of cavity
L ¥y = 1: % y-length of cavity
N_x = N{l):; % # of x-nodes
N _y = HNil}: % of y-nodes

@ ek

dx = L_x/H_x;
dy = L_y/H_y:
beta = dx/dy:
alpha = 1/(2* (l+beta™2)}};

w_PS0OR = D.9; % relaxation parameter for PSCOR
ERROR_TOL = 0.053; % error tolerance

RBe r = Re(r); % Reynold's Humber

spatial-= step

oa

spatial-y step

%% Define Initial Conditions

u = zeros(H_x,H y)z % Define u velocity field
ui{l, :}) = 1; % initialize lid welocity

w o= zernstﬂ_x,ﬁ_yﬁ; % Define v wvelocity field
% Initialize tridiagonal Matrix

tri_x = zeros(M_x,N_y}:

tri_y = zeros(M_x N_y):

% Initialize vorticity matrices
w_x = zerns{ﬂ_x, N_yh; % H-sweep
w_y = zeros(N_x, N_yl; % Y-sweep

w = zeros (W _x, W _y); % final vorticity matrix

% Initialize stream-function matrix

psi = zeros(M_x, N_¥):

%% Boundary Conditions

w_x({:, 1) = 2* (psi{z,1l)-psi(:,2)) fdy"2;
w_x(:,end} = 2*(psi{:,end}-psi(:,end-1}}/dx"2;
w_x{end, :}) = 2*(psi{end, :})-psi(end-1,:}}/dx"2;
w_x(l,:} = 2% {psi(l,:})-psi(2,:))/dy"2 - 2*ul/dy:

w_yi(:, 1) = 2*({psi(:,l)-psi(:,2))fdy"2;
w_yi{:,end) 2* (psif{:,end)-psi{:,end-1}} /dx"2;
w_yf{end, :}) 2* (psif{end, :})-psi{end-1,:)) fdx"2;
w_y(l,:} = 2*({psi(l,:})-psi(2,:))/dy"2 - 2*ul/dy:

wiz,l) = 2*(psi(:,1l)-psi(:,2))/dy"2;

2* (psi{z,end)-psi(:,end-1))/dx*2;
wiend, :} 2% (psi{end, 1} -psi{end-1,:)} /dx*2;
wil,:} = 2*(psi(l,:)=-psi(2,:))/dy*2 - Z*ul/dy:

wi:,end)
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% Define coefficents for tridiagonal matrix
d_x = 1/Re_xr*dt/dx"2;

d_y = 1/Re_r*dt/dy"2;

B x =1+ d=x;

B y =1+ d_y:

n = 1; % iteration lewvel

t = 0; % current time

current_error = 1;

while t < t_fRcurrent error > ERROR_TOL % loop until errcor is within the tolerance

%% Boundary Con
% Stream-Functi
psil:,1, ntl) =
psil(l,:, ntl) =
psil:,end, nt+l)
psi(end, z, n+tl)

% Velocity Fiel
uil,:, ntl) = u
ufend, :, n+l) =
u(:,1, ntl) = u
uf:,end, n+l) =

ditions at next iteration lewvel
on

psif:,1, n);:

psif(l,:, n);:

= peiiz,end, n);

= psilend,:, n;

ds

(l,:,m};
uilend, :,nj;
{x,1,m};
ui:,end,nj;

wil,:, n+tl) = w{l,:,n};:

viend,:, n+l) =

viend, :,n);

wvi:,1l, ntl) = wv{:,1,m};:

vi:,end, n+l) =

% Vorticity Mat
w x(:,1,n+tl) =
w_xt:,end,n+1h
w_x (end, : ,nt+l})

w xil,:,n+l) =

w_y(:,1,ntl) =
w_y(:,end,n+l}
w_y (end, : ,nt+l})
w_y(l,:,ntl) =

wi:,1l,n+l) = 2*
wi:,end,n+l) =
wiend, :,n+l) =
wil,:,n+l) = 2*

%% Solwe WVortic

% lst define tr

for i = 1:M_y
for j§ = 1:H

vi:,end,n);

rices

2% (psi(:,l,n+l)-psi(:,2,n+l))/dy"2;

= 2* (psi(:,end,n+l)-psi(:,end-1,n+1}}/dx"2;

= 2* (psi(end, :,n+l)-psil{end-1, :,n+1} )}/ dx"2;
2% (psi(l,:,n+l)-psi(2, :,n+l))/dy"2 - 2*ul/dy;

2% (psi(:,l,n+l)-psi(:,2,n+l))/dy"2;

= 2* (psi(:,end,n+l)-psi(:,end-1,n+1}}/dx"2;

= 2* (psi(end, :,n+l)-psil{end-1, :,n+1} )}/ dx"2;
2% (psi(l,:,n+l)-psi(2, :,n+l))/dy"2 - 2*ul/dy;

(psil:,l,n+l)-psi{:,2,n+l)) /dy"2;
2*(psi(:,end,n+l)-psi(:,end-1,n+1)) /dx"2;
2* (p=ilend, :,n+l)-psi(end-1, :,n+l) ) fdx"2;
(psi(l,:,n+l)-psi{2,:,n+l) ) Sdy"2 - Z*ul/dy;

ity-Transport Eguation by ADI Method
idiagonal matrices' elemsnts

x
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c_x(i,3) = wii,j,n)*dt/dx;
A x(i,J) = -L/2*(1/2%c_x({i,j) + d_x):
C_x{i,j) = L/2*{1/2*c_x(i,j) - d_x);
e_vy({i,3) = vii,i,n)*dt/dy:
A y{i,J) = -1/2*{1/2*c_yi{i,]j} + d_y);
C_y{i,J) = L/2%({1/2%c_y{i,3) - d_y):
if i == j + 1 % Lower Diagonal
tri_=x(i,j) = A _x{i,]):
tri_y(i,3) = A_y(i,j):
elseif i == j % Main Diagonal
tri_=xii,j) = B_x;
tri_y(i,j) = B_yr
elgeif i == j = 1 &% Upper Diagonal

tri_x(i,j) = C_x({i,j):
tri_y(i,j} = C_y{i,j):
end
end
end
% Perform X-SWEEF
for i = 2:M_y-1 % Iterate bottom to top

b x = []:
for j = 2:H_x-1 % Iterate left to right
% imitialize D matrix of "Ax = D"
if § ==
D ij = (c_y{i,j)/2+d_y)}/2 * w{i,j-1,n)}
iV /2+d_y) /2*w (i, i+1,n) - A_x{i,j)*wii,j-1,n);
elseif j == H_x-1
D ij = (c_yii,j1/2+d y}/2 * wii,j-1,n)
j)f2+d_y)/2*w (i, j+1,n) - C_x{i,j)*w(i,j+1,n):
else
D_ij = (c_yl{i,J)/2+d ¥)/2 * w(i,ji-1,n)

Jy/Se+d_y /2*w (i, j+1,n};
end

Dx= [DxDij]:

end
% Solwve for wvorticity at ith row using Matlab
w_ix = D_xftri_xtz:end—l, 2:end-1});
w_x(i, Z:end-1, n+l) = w_i_x;
end
% Y-SWEEF

% lst define tridiagonal matrices' elements
% Perform ¥-SWEEP
for )= Z:H x-1 % Iterate left to right

By = [}
for 1 = 2:H_y-1 % Iterate bottom to top
% initialize D matrix of ™Ax = D"
if 1 ==
D_ij = (c_x{i,])/2+d x}/2 * w_x{i-1,j,n} + {l-d_x)*w_xi(i,j,n)

(i,3)/24d x} f2*w x(i+l,j,n) = A ¥(i,J)*w_x(i=1,j,ntl);

+ (1-d_y)*w{i,j,n} + (~c_y(i, ¥

+ (1-d_y)*wi(i,j,n} + (-c_y(i, ¥

+ (1-d_y)*wi(i,J,n} + {-c_yii, ¥

matrix operator

+ {-c x &
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elgeif i == H_y-1
D_ij . i:_x[i,j]f2+d_;}£2 * w_x{i—l,j,n} + [l—d_xi*w_xti,j,n] + (- =«
(1,30 /2+d_x) /2%*w _x{it+tl,j,n) - C_y{i,j}*w _x(i+l,],ntl};
else
D ij = (c_=x{i,j)/2+d x)f2 * w x(i-1,3,n}) + (I-d x}*w x{i,j,n) + (-c_x &
(1,30 /2+d_x) f2%w_x({it+tl,],n);
end
Dy=[DyDij]:

end
% Solve for vorticity at jth column using Matlab '/' matrix operator
w_i_y = D_yftri_y(2:end-1, Z:end-1):
w_y({2:end-1, j, ntl) = w_Jj_¥;
W o= wW_y:
end
%% Solve Stream Function by F30R
PEGRhEIIDI = 1l; % initialize current FSO0OR error
count = n;
while PSOR_error > ERROR_TOL % iterate until PSOR error is within the tolerance
psi_cold = psif:,:,end-1);
for 1 = Z2:H_y-1
for j = 2:H_x-1
psil{i,j,ntl) = (l-w_P30R)*psi(i,j,n) + w_PSOR*alpha*(w(i,j, n+l)*dx"2+ &
p=i{i+l,j,n) + psi{i-1,j,n+l)+beta2*(psi(i,j+l,n)+psi(i,j-1,n+l)));
end
end

psi_old = psi(:,:,end-1);

PSOR_error = max(max{abs{psi(:,:,end) - psi_old)}};
end
n = count;
%% Initialize new velocity fields

for i = 2:H¥_y-1
for j = 2:H_x-1
ul{i,j,n+l} (peif{i,j+l,n)-psi({i,j-1,n)}/f(2*dy):

-{psi(i+l,j,n)=-psi(i-1,j,n))/ (2*dx);

v{i,j,n+l)
end
end
%% Update Counters and Error to Check for Convergence

current_error = max(max{abs{w_y({Z2:end-1,2:end-1,n+l} - w_y(2:end-1,2:end-1,n))}}):
n=mn+ 1; % increment iteration lewel
t =t + dt; % increment time

end

w_flipped = flipud(w({:,:,end}):
psi_flipped = flipud(psi(:,:,end});
u_flipped = flipud(u{:z, :,end))
v_flipped = flipud({w({z, :,end));

%% Flots
RE_str = num2str (Re{r});
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N_str = num2str(N(1l));
figure(3*(1-1}+r) % Vorticity Plot
contourf (w_flipped)

hold on

$title(['Vorticity for Re = ', Re str, " and N = ', N str, 'x', N strl);
$figure (3*(1-1)+r+l1l) % Stream-function Flot

contour (psi_flipped)

hold on

%title(['Stream Function for Re = ', Re str, ' and N = ", N str, 'x', N str]);

%5fi

gure (3*(1-1)+r+2) % Velocity-field Plot
quiver(u_flipped{2:end-1,2:end-1), v_flipped(2:end-1,2:end-1), 1}

title(['Vorticity, Stream, and Velocity Fields for Re = ', Re_str, ' and N = ', ¥
N_str, 'x', N_strl);
end

end



Program Results
8 x 8 Grid Results

=10 and N = 8x8

Vorticity, Stream, and Velocity Fields for Re

Vorticity, Stream, and Velocity Fields for Re = 100 and N = 8x8




Vorticity, Stream, and Velocity Fields for Re = 400 and N = 8x8




16 x 16 Grid Results

16 Vocity, Stream, and Velocity Fields for Re =10 and N = 16x16




16\o‘ty, Stream, and Velocity Fields for Re =400 and N = 16x16
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32 x 32 Grid Results

Vorticity, Stream, and Velocity Fields for Re =10 and N = 32x32

Vorticity, Stream, and Velocity Fields for Re =100 and N = 32x32
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Discussion

In each figure, there are separation points (yellow portions of the plot) at the bottom corners of
the cavity. For Reynolds numbers of 100 there is additional separation occurring off the left wall
and below the location of maximum vorticity, and for Reynolds numbers of 400 there seems to
be separation at the locations of high vorticity.

The nature of the results change depending on the number of nodes being solved, which is a sign
that the computations were improperly implemented into MATLAB. Rather than seeing entirely
different results altogether for higher node-counts, we should expect to see the same results
shown in higher resolution.
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